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MAGNETOHYDRODYNAMIC FLOW ON A HALF-PLANE
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SUMMARY

We investigate the magnetohydrodynamic flow (MHD) on the upper half of a non-conducting plane for the
case when the flow is driven by the current produced by an electrode placed in the middle of the plane. The
applied magnetic field is perpendicular to the plane, the flow is laminar, uniform, steady and incompressible.
An analytical solution has been developed for the velocity field and the induced magnetic field by reducing
the problem to the solution of a Fredholm’s integral equation of the second kind, which has been solved
numerically. Infinite integrals occurring in the kernel of the integral equation and in the velocity and
magnetic field were approximated for large Hartmann numbers by using Bessel functions. As the Hartmann
number M increases, boundary layers are formed near the non-conducting boundaries and a parabolic
boundary layer is developed in the interface region. Some graphs are given to show examples of this
behaviour.

KEY WOorRDS MHD Flow Half-plane

FORMULATION OF THE PROBLEM

We consider the steady flow of an incompressible fluid with uniform prroperties driven by the
interaction of imposed electric currents and a uniform transverse magnetic field. Imposed
currents enter the fluid at {= ta, through external circuits and move up on the plane. We
assume that all the physical variables, including pressure, and the boundary conditions are
functions of ¢ and # only. The pressure gradient is zero. There is only one component of velocity
and of magnetic field (in the z-direction). The equations describing such flows are the same as
those of MHD duct flow problems when pressure gradient is taken as zero. Figure 1 shows the
geometry of the problem.

A uniform magnetic field of strength H,, is directed along the axis of #. The wall is electrically
insulated except for a length 2a, in the middle, where a perfectly conducting electrode is placed so
that this part is conducting. Thus the partial differential equations describing the flow (in non-
dimensionalized form) are!- 2

V2V + M (0B/on)=0, (1)
V2B+M(8V/on)=0, 2)
with the boundary conditions
V=0, n=0, 3a)
|V]< o0, |Bl<oo as n—oo0, (3b)
B=1; 5=0,a,<¢<o0, (3¢)
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Figure 1. The geometry of the problem
B=-1;, =0, ~0o<é<—ay, (3d)
éB/on=0;, y=0, —a,<{<a,. (3e)

In Hunt and Williams’ paper® the MHD flow between two parallel non-conducting planes was
investigated for the case when the flow is driven by the current produced by electrodes placed one
in each plane, the applied magnetic field being perpendicular to the planes. In this study we have
considered a more general problem by taking one of the planes as partially insulated, partially
perfectly conducting and assuming the other plane to be at infinity.

METHOD OF SOLUTION
We take Fourier sine transforms of V(&,#) and B(&,n) as

Pla,n)= Lw V(& n)sin(€de, @

Bla,n)= f " B s, 5)
Then

ViEm=2 Lm 7 (o, m)sin(€o)dos ©

BE =2 f B msino)da. )

By taking the Fourier sine transforms of the equations (1) and (2), we get the partial differential
equations for ¥ and B as

0*V/on? —a’V + M(8B/on)==0, (8)
0*B/on* —a*B+ M(eV/dn) =0, 9)

and the boundary conditions (3) imply
V(a, 0)=0, (10)
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|V|< o0, |Bl|<oo asn—oo. (11)
The general solution of the equations (8) and (9) is given as

Pl m)=e M2 LA+ ¢~ )+ B@)(e" —e™"1)]/2

e MUZ[C(o)(e4e" +¢4e1) + D(a)(eH" —e~*1)]/2, (12)
B(a, )= "M"Z[A(a)(e*" +e™#=") + B(a)(e " —e " *=")]/2
—eM2[C(a)(e*s" + e~ “s") + D(a)(e*=" —e ~*=")]/2, (13)
where
Ra=(M?/4+a2)1 2, (14)
Applying the boundary conditions, the number of unknowns is reduced to one and we get

V(a, )= —2A(a)e*"sh(Mn/2), (15)

B(a,n)=2A(x)e " *="ch(Mn/2), (16)

where sh(x) and ch(x) are sine and cosine hyperbolic functions respectively.
Then from equations (6) and (7) V' and B are obtained as

V(E,n)= _%Jw A(x)e ™ *«"sh(Mn/2) sin(¢e)da, (17)

0

B{(¢, q)z% Lm A(a)e‘”ﬂ”ch(?) sin{£a)da. (18)

From the mixed boundary conditions (3¢, d, e) one can obtain the following dual integral
equations:

r A(a)sin(e:a)dazg; a,<E<co, (19)

0
J " L A@)sinCa)da=0; 0<Z<a,. (20)
0

In view of the antisymmetry about the line £ =0, we need to consider the solution in the region
0< &< oo only.

SOLUTION OF DUAL INTEGRAL EQUATIONS
Let the representation for A(x} be
A()=Jo(aa,)/ 20+ H(x). 21
Then dual integral equations (19) and (20) are obtained in terms of H(x) as

fw H(o)sin(la)do=0; a,<&é< o0, (22)
0

o

J‘w po H{a)sin{éa)da = -j

0 0

% Joloay)sin(En)de; O<&<ay, (23)

where J(x), J,(x) are Bessel functions of the first kind of order zero and one respectively.



746 M. SEZGIN

We choose a representation for the unknown H(x) now as
H(x)= J xf (x}J, (ax)dx. (24)
0

Since the dual integral equations(22) and (23) can be written as (after equation (23) has been
integrated with respect to £ from 0 to &)

Jw H(sin(éo)do=0;, a,<é<o0, (25)

0

J ot o gy “lr B Jofaay) 22D gy g cecq, (26)
0 o 2]y « x

the first integral equation (25) is automatically satisfied by this representation (equation (24)) of
H(x) by virtue of the identity

j ) J,(st)sin(sx)ds =? —Ii(f——i (27)

o (2—x?)12’

and, with the help of the identity*

Jw J(st)cos(sx)ds =1 _x _Hex—1) (28)

0 t ?(Xz _'tz)l/z ’
the second integral equation (26) is reduced to an Abel’s integral equation by substituting H(x)
from equation (24):

fo @z{(%dhh@; 0<¢<ay, (29)

where

1 (o 1 (= ‘
h(é)=2 JO f(x)dx + F L 2%% Jol(aa)[1—cos(&a)]da

+1rx xf(x) j "By (@) [1— cos(Eo)]dadx, (30)
£ 0 o «

The solution of Abel’s integral equation (29) is given by®

24 (7 &
IO &), wmaym
Substitution of h(¢) from (30) with the help of some known identities® reduces equation (31) to a
Fredholm’s integral equation of the second kind for f(t):

dé. (31)

1

p8(p) + J K(p, )t6(r)dt=pp(p), (32)

0
where the kernel K(p, t) and the free term p(p) are

0 MZ 1/2
K(p,t)=ai"pf [(TH‘Z) —a}Jl(atal)Jl(apax)da, (33)

0

1 (°1/M? 1/2
P(P)z_ifo &(T-sz) Ji(xpa,)da (34)
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and
pO(p)=pf(pa;)—1/2a;; O0<p<l. (35)

At this point we notice that the infinite integrals in the kernel and the right-hand-side function
are slowly convergent and oscillating due to the Bessel functions J,, J,. Both of these integrals are
almost impossible to compute numerically; therefore we look for methods to convert them into
more easily computable form.

With the help of the identities”®

J1(“Pa1)J1(“m1)=% J‘" e *Jo(xa,r)db, (36)

0

J:o [(A—i—i +a2>1/2—a}Jo(aalr)doz=—A—4g—liIo<Aial >Ko<lu4a1 r>+11<M4a1 r>K1 (1\44al r>]
(37)

and the identity (obtained in AppendixI)

J (M—2+a >1/2J1(cxalp)doc
o a\ 4
MM M M M M
ez (s (5o (o) ()
(e () -1 (o (0) o

r2=p?+t2—2pt cosl (39

where

and I,(x), I,(x), Kq(x), K,(x) are Modified Bessel functions of the first and second kind of order
zero and one respectively, the Fredholm’s integral equation (32) can be written as

1

pO(p)+ f K(p,1)16(t)=pp(p), (40)

0

where

M2 (= Ma, M M M
K(p,t)=afpgjo cos0[10< ; >K0< 4“1 r>+11<—4air>K1<%r>]d0 (41)
M(M M M M M
p(p)=—§{2a1p[lo< 4a1 P>K0< 401 >+11< 4a1 p)K1< 4a‘ p)]
+10(M4"‘ p)Kl(Mf‘ p>—11<1\44a1 p)K(,(Mfl p)} @)

The kernel and the right-hand side are now much more easily computable than before.

To solve the Fredholm’s integral equation (40), we replace the integral by a Gaussian-based
numerical quadrature and a system of algebraic equations is obtained for the unknown function
and therefore f through equation (35).

By virtue of the equations for H(x) (equation (24)) and A(x) (equation (21)), the velocity V(& n)
and the magnetic field B(&,n) can be found through equations(17) and (18) in terms of p8(p). So
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after changing the order of integrations, we get
4 M L ®
ViE,n)= —*Sh<7n>aff pf’(P)f Jy(apa)e” " sin(x)dadp
n 0 0

M * © M
_2 sh( ”) g ko S'miﬁda, 43)

0

4 M 1 © .
B&n)=— ch(%)d% pO(p) L J1(apa,)e ™= sin(¢a)dadp

JO

r o :
3ch(M”> gmnan SOEED 4 (44)
2 /) o

Now the infinite integrals in V" and B can also be transformed to finite integrals which are much
more casily computable. For these integrals we use the identities (obtained in Appendix II)

J*m e"‘<§:—2+0ﬁ2>1/2 sin(a) J  (ax)da = _%g J“ﬁ cosd K {(M/2)[(& +xcos6)?+k2]"/2} y

0 0 [(&+xcosB)? + k]2
(45)
and® ' .
L T S‘“ﬁif“) do= L’ —2@214:2)1/2 K1<%(t2+k2)”2>dt. (46)
Thus V{&,#), B(£,n) can be written as
2M'1 Mn ! P KM€+ a,pcosh) +n17]Y2)
ven= ( 2 )“I Po) f O R agpoosty w7 409
My (¢ K [(M/2)(e*+1n%)"/?]
_T h( 2 )L (24522 a. @7
_ 2Mn  (Mny ! * K {(M/2)[({+a,pcosh) +n>]'?}
Bem=="a °h< 2 >“f POt )L Ot raypeostp A 409
Mn  (Mn\ (¢ K,[(M/2)*+n?)"?]
+—§—ch<7> L R (48)

We note that the singularities of the quantity K, {(M/2)[(¢+a,pcos8)? +,*]*'?} lie on the
conducting part and that this singularity is of the ‘double-layer’ type.

RESULTS AND DISCUSSION

To find the value of B on the conducting part (=0, —a, <f<a,), we substitute A(x) from
equation (21) in equation (18) to give

B(&,0)= % f ) (H(oz)+ J°(2°;“‘)>sin(za)da (49)

0
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and, by using the representation of H(a) (equation (24)) with pf(pa,)=p8(p)+ 1/2a,, we get

4q% (= 1 sin(&o
B&,0)= 2 f j p0(p) ) 1(opa,)sin(Ea)dpdoc + j ) 4o (50)
T Jo Jo o 20
Changing the order of integrations and using the identity (27) and the identity
s1n(§oc) /2 if €>0,
L doc= { —m/2 if £<0, Gl
one can obtain
4a, (1 6(p) E>0
B = +1; 52
(é’ 0) - J;/al (pzaf_éz)l/z dp—- » £<0 ( )
By writing pa, = Eche, B(£,0) can be put in the form
4 arcch(a /&) é é > 0’
B =— de+1; 53
&0) RL 66< 1cht> : {¢<o, 53

and then numerical integration (Gauss—Legendre) was used. The function 8[(¢/a,)cht] was first
interpolated using the points pa, (0<p<1, p=(x;,,)/2; x; are the Gauss-Legendre abscissae) at
the points Echt/a,.

When a;=0 (no conducting portion on the boundary), V(&,#5) and B({,n) become, from
equations (47) and (48),

SK LM/ +1%)1?]
Ve )_—_ h( 2 )L e o9
4 N(t? 21\1/2
B(é,r;)—— h( : >L K [(Aéfi(’:z)fg 71 4. (59)

Since

2 1
2 172
("(t +1°) ) M(t2+n2)1/2

for small ¢ and # at the singularity point (£, #)=(0, 0) (the point where the value of B changes from
—1to 1), V{¢,n) and B{,#) behave as

2 Mpy 1
V(é’ 'I) - ”Sh< ) ) J‘O t2+7’2 dt, (56)
|
B, m=~ ﬂ0h< 2 > L ?§+—'72 dt, (57
which are
V(En=— 2 sh<m> arctan é , (58)
A 2 n
B, n)= z ch(A—/Iﬂ> arctan -é~ . (59)
i 2 n

The Fredholm’s integral equation (40) was discretized and solved with the kernel (41) and the
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right-hand-side function (42). The finite integrals in the Fredholm’s equation (40) and in the kernel
{41) were evaluated using the Gauss—Legendre quadrature formula. For Hartmann numbers
M =10 and 20, 16 points were enough for the integration; for higher M, 24 points were used to
obtain the desired accuracy.

Once pB(p)=pf(pa,)—1/2a, values were obtained, they were substituted back in equations
(47) and (48) and V(&,n), B(&,n) were computed at discrete points in the region 0<¢<1 and
0<#n <1 (since both V and B are antisymmetric with respect to the n-axis, computations are
carried out in the quarter-plane ¢ >0, #>0). The region 0<¢<1, 0<n <1 was divided into 441
mesh points by taking the step sizes £h=nh=0-05, and the velocity V(& ») and the magnetic field
B(&,n) were computed at these mesh points.

We present the equal-velocity lines for a; =0-3 and Hartmann numbers M = 10, 50 and 100 in
Figures 2, 3 and 4 respectively. One can notice from these figures that although this problem is
solved for a half-plane, the flow is confined to a relatively small region near the line £ =a,. In the
rest of the region the fluid is almost stagnant. Equal-magnetic-field lines (current lines) for the
same Hartmann numbers are shown in Figures 5, 6 and 7 respectively. As M increases, a
boundary layer is formed near the #=0 line for £ >a, for both velocity and induced magnetic
field. It can also be seen from these graphs that, except for narrow regions near 5 =0 and £ =0, the
velocity is almost constant and equal to its minimum value. Near the line £ =0 these lines move
towards it; however, for large values of n they will start bending away from the {=0 line,
confirming that | V|- oo as n—o0. The behaviour of the current lines is similar to that of the
equal-velocity lines except for ¢ < a, and for small values of 5, because in this case the current lines
are perpendicular to the é-axis owing to the boundary condition ¢B/dn =0. Also in most parts of
the region the value of the magnetic field is stationary and equal to its maximum value. Since our
mesh size is ¢h=0-05, the lines which are between £ =0-25 and £ =03 =a, are obtained from the

10 T T T T T T 1/ T
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o
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0.2} — ]
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Figure 2. Velocity lines for M =10, a, =03
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Figure 5. Magnetic field lines for M =10, a, =0.3
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Figure 9. Velocity lines for M = 50, a, =(+45; ———, the parabolic boundary layer

Figure 10. Magnetic field lines for M =50, a, =01



Figure 11. Magnetic field lines for M =350, a, =045; ———, the parabolic boundary layer
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Figure 13. Magnetic field lines for M =50, a, =0-0; 0< ¢, # <01

interpolation in the graphic program and this causes some error for these lines when they are
close to the &-axis.

In Figures 8, 9 and 10, 11 equal-velocity lines and current lines are shown respectively for
M =50 and for a,; =0-1, 0-45, indicating the development of a stagnant region in front of the
conducting wall when the conducting length a, is increased. For a, =0-0 equal-velocity lines and
current lines are shown in Figures 12 and 13 respectively in a small square region 0<¢<0-1 and
0<n<0-1. Current lines start from the origin, since B(0,7)=0 and B(&,0)=1, £ >0, and confirm
the behaviour indicated in equation (59).

Finally we notice the development of the parabolic boundary layer near &=0. For small values
of a; and/or M this boundary layer interacts with the similar layer originating at {= —a,. For
higher values of @, and M, however, the two layers are separated, and the one in the first quadrant
is indicated in Figures 3, 4, 6, 7,9 and 11. It was difficult in this case to give details of the region in
the neighbourhood of the point(a,,0).

This problem is generalized in Sezgin'® for MHD flow between parallel plates, where two
electrodes of length 2a, are placed in the middle of the plates symmetrically. When a, =0, this
problem reduces to the special case of the flow induced by line electrodes at ¢ =0, y= +1 set in
insulating plates at = + 1, with a magnetic field applied in the n-direction. This special case has
been considered by Hunt and Williams® and our solution for a, =0 coincides with theirs. In their
paper they examine the asymptotic solution for large M in separate regions and their current lines
in the core region compare well with our current lines for a, =0.
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APPENDIX 1
Consider
Q — j (ﬂZ +x2)—l/2€—a(ﬂz+x2)1/2 ‘J'l‘.*(x‘)“)'x—) dx, (60)
0
then we have (Reference 9, p. 47)
d ® 2 2y1/2
dy (VQ)=VJ (B +x2)~ 2782 g (yx) dx =yl o(Bp- ) K o(Bp -+ )- (61)
4]

Integrating with respect to y, we get

Qy=3v*1o(Bp-)Ko(Bp+)+1,(Bp_)K,(Bp.+)]+constant,

where the constant vanishes at y—0. Hence

0= [ awyiremsoreor DO g gy Kot + 1B K 003 (62

Taking the second derivative of Q@ with respect to «,

[/ e S0 gy L B Kol + 19K (B )

0

+(a2+y2)‘”2[lo(ﬁp—)Kl(ﬁp+)—Il(ﬁp-)Ko(Bp,L)]%-&)

Setting =0 (p_=p, =17), we get

Lw (B*+x2)12 J—‘(;-x) dx=38{Byl1o (281 Ko(3By) + 1, (381K, (GBY)]
+ oG K1 (3BY)— 1.3y Ko(3BY)1}- (64)
APPENDIX II
Consider the integral
R= Lw e ka2 i (Ear) J 4 (oex) da. (65)

Since

11(2)=%j cos@sin(z cos)d8,

0

the integral (65) can be written as

R:lJ‘ e—k(u2+a2)"zj cos@sin(£a)sin{ox cosf) dfda

0

=LJ e_""‘““l’”zf cosO[cosa(& —x cosh)—cosa(f +xcosd)] doda

0

oo

= 51_ ‘[ cosdf J g KW+ a2 Mongp (¢ — x cosf) — cosaé + x cosf)] da. (66)
i

0
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For the evaluation of the infinite integrals above we make use of the identity®

g2 x2)172 dx
Jo € B +=5 COS(QX)W :Koj:y(a2+ﬁ2)1/2]. (67)
By taking the derivative of (67) with respect to § we arrive at
® B4 xyi VB
L e At cos(ax) dx = K [yla® + )] (68)

Now substituting (68) back into (66), we get

Re uk (* cosd K {ul(§—xcos8)* +k*1"?} K {u[(£+xcosh) +Kk*]"/2}
2n 1, [(¢ —xcosB)? + k212 [(¢+xcosB)? +k*]1/2
uk (™ K {u[(&+xcos)? + k *]?}
_ do.
- L C0S0 = & Fxcostf K211
Therefore

C Eieanl s k(" K {u[(&+ xcos)* + k712
k(a2 +a2)l/ __u g1
fo e sin{Ca) J ; (ax)da= - L cos [+ xcosB)P + k2]

6. (69)
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